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Abstract
The equilibrium-diffusion approximation (EDA) is used to describe certain radiation-hydrodynamic (RH)
environments. When this is done the RH equations reduce to a simplified set of equations. The EDA can be
derived by asymptotically analyzing the full set of RH equations in the equilibrium-diffusion limit. We derive
the EDA this way and show that it and the associated set of simplified equations are both first-order accurate
with transport corrections occurring at second order. Having established the EDA’s first-order accuracy we
then analyze the grey nonequilibrium-diffusion approximation and the grey Eddington approximation and
show that they both preserve this first-order accuracy. Further, these approximations preserve the EDA’s
first-order accuracy when made in either the comoving-frame (CMF) or the lab-frame (LF). While analyzing
the Eddington approximation, we found that the CMF and LF radiation-source equations are equivalent
when neglecting O(β2) terms and compared in the LF. Of course, the radiation pressures are not equivalent.
It is expected that simplified physical models and numerical discretizations of the RH equations that do not
preserve this first-order accuracy will not retain the correct equilibrium-diffusion solutions. As a practical
example, we show that nonequilibrium-diffusion radiative-shock solutions devolve to equilibrium-diffusion
solutions when the asymptotic parameter is small.
Keywords: asymptotics, equilibrium diffusion, radiation transport, radiation hydrodynamics, grey
nonequilibrium-diffusion approximation, grey Eddington approximation, radiative-shock solutions
1. Introduction
Radiation hydrodynamics (RH) describes how
interactions between radiation and matter affect
the thermodynamic states, and potentially, the dy-
namic flow characteristics of the matter-radiation
system. Unfortunately, the full set of RH equations
are computationally expensive and numerically dif-
ficult to solve, and various model approximations
have been developed to aid their solution [1, 2, 3].
The Euler equations are typically assumed to pro-
vide a sufficient model of the material’s hydrody-
namic response since the photon mean-free-path is
generally much longer than the mean-free-path be-
tween material interactions, so that material vis-
cosity and heat conduction may be neglected. For
the radiation it is common to make the following
assumptions, either independently or together: the
system is absorption dominated, the system’s size is
large compared to the photon mean-free-path, the
radiation is in thermal equilibrium with the ma-
terial, the radiation flux is diffusive, and the ra-
diation pressure is isotropic. Taken together these
assumptions are called the equilibrium diffusion ap-
proximation (EDA) [2]. When the EDA applies to
a physical system it can be modeled by a simpler
set of equations than the full set of RH equations.
This simplified set of RH equations provides a rea-
sonable description of stellar structure [4], high-
temperature environments [1], fusion dominated en-
ergy sources [5, 6], a variety of astrophysical set-
tings [2, 7, 8], and high-energy-density-physics [9].
As shown by Lowrie, Morel and Hittinger [10],
the EDA can be derived via an asymptotic expan-
sion of the RH equations, which is described as fol-
lows. First, an ansatz for the RH solution is made
and the solution is expressed as an infinite power-
series expansion in a small parameter, . Then
the RH equations are nondimensionalized. Next,
nondimensional parameters that arise in the RH
equations are chosen to scale by particular pow-
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ers of , which reflects the physical importance of
those parameters, and effectively defines physical
and mathematical limits. Finally, an infinite hier-
archy of equations is obtained by equating all terms
multiplied by the same power of . This hierarchy is
used to define the equilibrium-diffusion limit (EDL)
since the scalings are chosen to ensure that the ze-
roth order RH solution satisfies the EDA. Thus,
in the limit as  approaches zero the RH solution
transitions to the EDA solution. In this sense, the
EDA is said to be accurate or exact to zeroth order
in the EDL. However, it is possible for an approx-
imation to be exact to higher than zeroth order.
This has been shown to be true for the EDA by
Lowrie, Morel and Hittinger [10], but they only an-
alyzed the simplified RH equations at zeroth order
and they did not determine at what order transport
corrections modified the EDA. The main contribu-
tion of this paper is to show that the EDA and the
simplified RH equations are both exact to first order
in the EDL, and that transport corrections occur at
second order. It is important to be clear that the
EDA is a physical approximation to the full set of
RH equations, whereas the asymptotic expansion of
the RH equations is exact at each asymptotic level.
If we summed over all asymptotic orders then the
original transport content would be regained with
no loss of information.
Asymptotic expansions have two very practical
applications that are not necessarily obvious. The
first is to demonstrate that analytic approximations
to the full RH equations give proper accuracy in
the EDL. For instance, one would expect the grey
nonequilibrium-diffusion approximation of the RH
equations to be properly accurate in the EDL. To
determine if this is so, one performs an asymptotic
expansion of these approximate RH equations. If
this expansion yields the EDA to first order, then
the solution of the approximate RH equations will
properly transition to the EDA solution as  → 0.
Otherwise, the solution will approach the EDA so-
lution at the wrong rate, or in the worst case, not
approach it at all. The second application relates to
numerical discretizations of the RH equations and
their approximations. Numerical schemes are said
to be asymptotic preserving when they give proper
accuracy in an asymptotic limit at an appropriate
computational cost. Numerical discretizations that
are consistent, i.e., converge to the proper analytic
solution as the mesh is refined, are not necessar-
ily asymptotic preserving. To determine if a nu-
merical discretization is asymptotic preserving, one
performs the same asymptotic expansion for the
discrete equations that was performed for the an-
alytic equations. The discrete asymptotic expan-
sion must approximate the analytic expansion in
certain specific ways to be asymptotic preserving.
If a consistent scheme is not asymptotic preserv-
ing, one can obtain accurate solutions in problems
closely approaching the asymptotic limit, but the
computational cost will generally be prohibitive.
In this paper we analyze two approximations of
the RH equations, but we do not analyze any dis-
cretization schemes. For future work on numeri-
cal discretizations, this paper defines the sense in
which discretization schemes should, ideally, pre-
serve the EDA. Specifically, to be asymptotic pre-
serving, a numerical discretization must produce
the EDA and a discretized set of its simplified RH
equations through first order in the EDL.
Similar analyses have been performed for neutron
transport [11, 12] and radiative transfer [13, 14],
which have shown that their analytic diffusion ap-
proximations are first-order accurate. Simplified
physical models and numerical discretizations of
these theories which fail to preserve the diffusion
limit typically fail to obtain accurate diffusion so-
lutions [15, 16, 12, 11, 17, 18, 19, 20, 13, 14, 21, 22,
23, 24, 25, 26]. Therefore, we expect that simpli-
fied physical models and numerical discretizations
of the RH equations should preserve this asymp-
totic behavior in order to reasonably obtain correct
equilibrium-diffusion solutions. When a physical
model or numerical discretization preserves some
diffusion limit they are generally referred to as be-
ing asymptotic preserving [27]. Previous analyses
[17, 18, 13, 15] for neutron transport and radia-
tive transfer have discussed the effects of initial and
boundary conditions, as well as boundary layers, on
the asymptotic results. However, in this paper we
restrict our analysis to the interior solution suffi-
ciently late in time and far from any boundaries so
that their effects on the analysis may be neglected.
An analysis including the initial and boundary con-
ditions, and potentially boundary layers, should be
the subject of future work.
The rest of this paper is organized as follows: In
Section 2, the lab-frame (LF) RH equations and
the EDA are presented. In Section 3, the main re-
sult of this paper is presented: the EDA and the
simplified RH equations are first-order accurate in
the EDL with transport corrections occurring at
second-order. The derivation of these results is
given in Appendix B. The EDA is a physical limit
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of the RH equations and we claim that its first-
order accuracy should be preserved by simplified
models of the RH equations. In Section 4, the grey
nonequilibrium-diffusion approximation is analyzed
and shown to preserve the EDA’s first-order accu-
racy. Further, we show that the nonequilibrium-
diffusion approximation may be applied in either
the comoving-frame (CMF) or the LF and the
EDA’s first-order accuracy is preserved in both
cases. As a practical example we show that a par-
ticular nonequilibrium-diffusion radiative-shock so-
lution [28] devolves to the appropriate equilibrium-
diffusion solution [29] when the asymptotic param-
eter is small. Then, the grey Eddington approxi-
mation is analyzed and shown to also preserve the
EDA’s first-order accuracy. Again, the Eddington
approximation may be applied in the CMF or the
LF and the EDA’s first-order accuracy is preserved
in both cases. Further, we show that when apply-
ing the Eddington approximation in the CMF or
the LF the radiation-source equations are equiva-
lent when neglecting O(β2) terms. Of course, the
radiation pressures are not equivalent, but they
only differ by a symmetric-traceless term of O(β).
The reason for analyzing these two approximations
is because the nonequilibrium-diffusion approxima-
tion only applies to optically-thick systems, and is
only slightly less restrictive than the EDA. In con-
tradistinction, the Eddington approximation may
be applied to highly rarefied systems where diffu-
sion does not apply and which may be out of ther-
mal equilibrium. Section 5 closes the main body
of this paper with a summary and recommenda-
tions for future work. In Appendix A we derive
theO(β2) LF radiation-transport (RT) equation in-
cluding scattering terms. We believe this is the first
time that this equation has been presented in the
literature when retaining terms through O(β2). In
Appendix B we use results from Appendix A to de-
rive the radiation intensity through O(2). This is
used to derive the zeroth- and first-order radiation
variables and the second-order radiation flux, and
to show that the radiation energy and pressure con-
tain transport corrections at second order.
2. The RH equations and the EDA
We present the LF RH equations in Subsection
2.1, as well as the radiation-energy and radiation-
momentum sources and the frequency-integrated
angular moments of the radiation intensity. In Sub-
section 2.2, we review the assumptions on which the
EDA relies and then we present the LF EDA and
its simplified RH equations.
2.1. The RH equations and radiation variables
The RH equations used here are the Euler equa-
tions coupled to the radiation momentum and
energy sources, and the angle- and frequency-
dependent RT equation:
∂tρ+ ∂i (ρ ui) = 0 , (1a)
∂t (ρ ui) + ∂j (ρ uiuj + pij) = −Srp,i , (1b)
∂tE + ∂i [uj (Eij + pij)] = −Sre , (1c)
1
c
∂tIν + Ωi ∂iIν = Qν , (1d)
where
Qν = −
(νo
ν
)
σt,νo Iν +
(
ν
νo
)2
σa,νo Bνo(T )
+
(
ν
νo
)2
σs
4pi
∫
4pi
(νo
ν ′
)
Iν ′ (Ω
′) dΩ ′ , (1e)
is the angle- and frequency-dependent LF radi-
ation source. The angle-dependence resides in
the frequency ratios which are relativistically ex-
act through all orders in β ≡ u/c, as well as the
angle- and frequency-dependent LF radiation in-
tensity, Iν = Iν(Ω), and Ωi is the LF photon
direction of flight. The time and space deriva-
tives, ∂t ≡ ∂/∂t and ∂i ≡ ∂xi, are with respect
to LF time and space, where xi ∈ {x, y, z}, and
we are using the Einstein summation convention.
Further, ρ is the mass density, ui is the material
velocity, pij is the material pressure, Srp,i is the
radiation-momentum source such that −Srp,i is a
material-momentum source, E = 12 ρ u
2 + ρ e and
Eij ≡ 12 ρ ui uj + ρ e δij are defined for notational
convenience, Sre is the radiation-energy source such
that −Sre is a material-energy source, c is the speed
of light, and ν and νo are the LF and CMF frequen-
cies, respectively. We leave the Planck function in
the CMF,
Bνo(T ) =
2h ν3o
c2
[
eh νo/kB T − 1
]−1
, (2)
as a function of the CMF frequency, νo, and the
local material temperature, T , where h is Planck’s
constant and kB is Boltzmann’s constant. Finally,
σs, σa,νo , and σt,νo = σa,νo + σs, are the scatter-
ing, absorption and total cross-sections in the CMF;
σt,νo and σa,νo are functions of νo while σs is inde-
pendent of frequency. We omit the subscript-o from
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the Planck function and the cross sections, which
otherwise denotes a CMF variable.
The LF radiation-energy and radiation-
momentum sources, Sre and Srp,i, are the first
two frequency-integrated angular moments of Qν ,
respectively:
Sre ≡
∫
4pi
∫ ∞
0
Qν dΩ dν = ∂tE + ∂iFi , (3a)
Srp,i ≡ 1
c
∫
4pi
∫ ∞
0
ΩiQν dΩ dν
=
1
c2
∂tFi + ∂jPij , (3b)
and
E ≡ 1
c
∫
4pi
∫ ∞
0
Iν dΩ dν , (4a)
Fi ≡
∫
4pi
∫ ∞
0
Ωi Iν dΩ dν , (4b)
Pij ≡ 1
c
∫
4pi
∫ ∞
0
Ωi Ωj Iν dΩ dν , (4c)
are the LF radiation energy density, radiation flux,
and radiation-pressure, which are the first three
frequency-integrated angular moments of Iν , re-
spectively. The angle- and frequency-integrals of
the radiation sources (3) cannot be analytically per-
formed since Qν (1e) contains angle- and frequency-
dependent variables whose functional form is not
generally known.
2.2. The Equilibrium-diffusion approximation
The EDA imposes four basic assumptions on a
physical system [2]: 1) the photon mean-free-path
is small compared to the size of the absorption-
dominated system, 2) the matter-radiation system
is in thermal equilibrium, 3) the radiation flux is
diffusive, and 4) the radiation pressure is isotropic.
These simplifications allow for a basic understand-
ing of the underlying phenomena, the equations de-
scribing them, and the form their solutions might
take. In the LF the EDA and its simplified set of
RH equations are:
E = aR T 4 , (5a)
Fi = − aR c
3σt,R
∂iT
4 +
4
3
ui aR T
4 , (5b)
Pij = 1
3
aR T
4 δij , (5c)
∂tρ+ ∂i (ρ ui) = 0 , (6a)
∂t (ρ ui)
+ ∂j
(
ρ ui uj + pij +
1
3
aR T
4 δij
)
= 0 , (6b)
∂t (E + E)
+ ∂i
[
uj
(
Eij + pij +
4
3
aR T
4 δij
)]
=
∂i
(
aR c
3σt,R
∂iT
4
)
, (6c)
where aR is the radiation constant and σt,R is the
CMF Rosseland-averaged cross section [2]. We
point out that the time-derivative of the radiation
flux in the total-momentum equation (6b) has been
dropped in accordance with the diffusion approxi-
mation.
The strength of the EDA in solving RH problems
is that the radiation variables (5) in this simplified
set of equations (6) are explicit functions of the hy-
drodynamic variables. Thus, once an equation-of-
state for the material is specified, these simplified
RH equations represent a solvable system that are
easier to solve than the full set of RH equations (1)
[30]. To be clear, the EDA neglects most of the
radiation information that is contained in the RT
equation (1d), and this is why we refer to any terms
beyond the EDA as transport corrections.
3. Asymptotic analysis of the RH equations
In this section, we present our main result which
is that the EDA (5) and its simplified set of RH
equations (6) are first-order accurate in the EDL
with transport corrections beginning at second or-
der. These results are derived in Appendix B. In
Subsection 3.1, the RH variables and simplified RH
equations are nondimensionalized and nondimen-
sional parameters are defined. The EDL scalings
were originally presented by Lowrie, Morel and Hit-
tinger [10], and we use these in Subsection 3.2 to
scale the nondimensional RH equations. Finally,
the scaled equations are asymptotically expanded
and the main result of this paper is presented in
Subsection 3.3. This analysis and its results only
apply to the interior portion of a RH system, and
do not account for effects due to initial nor bound-
ary conditions, nor boundary layers.
3.1. Nondimensionalization of the RH equations
Each dimensional variable is decomposed into the
product of a constant dimensional variable with
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subscript-∞, indicating a reference state, which
only retains the dimension of the original variable,
and a non-constant nondimensional variable with a
hat, which retains the value of the original variable:
x = xˆ l∞ , t = tˆ
l∞
a∞
, u = uˆ u∞ ,
ρ = ρˆ ρ∞ , p = pˆ ρ∞ a2∞ , e = eˆ a
2
∞ ,
T = Tˆ T∞ , σt = σˆt σt,∞ , σs = σˆs σs,∞ ,
Iν = Iˆνˆ
aR c h T
3
∞
kB
, ν = νˆ
kB T∞
h
,
where l∞ is the reference length of the system, a∞
is a reference sound speed for the fluid, u∞ is a ref-
erence fluid velocity, ρ∞ is a reference fluid mass
density, and T∞ is a reference fluid temperature.
The total and scattering reference cross sections are
σt,∞ and σs,∞, respectively. The radiation intensity
and frequency, Iˆνˆ and νˆ, are nondimensionalized in
such a way that the nondimensional radiation en-
ergy density, radiation flux, and radiation pressure
are consistent with their definitions (4) above:
E = Eˆ aR T 4∞ , (7a)
Fi = Fˆi aR c T 4∞ , (7b)
Pij = Pˆij aR T 4∞ . (7c)
The nondimensionalized form of the Euler equa-
tions coupled to the radiation energy and momen-
tum sources are:
∂tρ+M ∂i (ρ ui) = 0 , (8a)
M ∂t (ρ ui) + ∂j
(M2 ρ ui uj + pij) =
− P0 (U ∂tFi + ∂jPij) , (8b)
∂t
(
1
2
M2 ρ u2 + ρ e
)
+ ∂i
[
Muj
(
1
2
M2 ρ ui uj + ρ e δij + pij
)]
= −P0 (∂tE + C ∂iFi) , (8c)
where the hats have been dropped for notational
convenience. The nondimensional parameters are:
M≡ u∞
a∞
, P0 ≡ aR T
4
∞
ρ∞ a2∞
,
U ≡ a∞
c
, C ≡ c
a∞
,
L ≡ l∞
λt,∞
= l∞ σt,∞ , Ls ≡ σs,∞
σt,∞
,
the first four of which are used in equations (8) and
the last two are from Appendix B; M is related to
the Mach number of the material flow, P0 is a mea-
sure of the influence radiation has on the material,
U is the ratio of the reference sound speed to the
speed of light, C is the inverse of U , L is a mea-
sure of the system’s size compared to the radiation
mean-free-path, and Ls is a measure of whether the
system is absorption or scattering dominated.
3.2. Asymptotic scalings
The EDL scalings of the nondimensional param-
eters were originally introduced by Lowrie, Morel
and Hittinger [10]:
M = O(1) , P0 = O(1) ,
U = O() , C = O(−1) ,
L = O(−1) , Ls = O() .
The first scaling implies that no assumption is made
about whether the value of M should be small nor
large. As such, the EDL supports shock-wave so-
lutions as shown by Lowrie and Rauenzahn [29],
which is a result we will use in Subsection 4.3. The
second scaling similarly implies that no assump-
tion is made about whether the system is radiation
dominated or not. The third and fourth scalings
are consistent with nonrelativistic hydrodynamics.
The fifth scaling implies that the reference length
of the system is much larger than the photon mean-
free-path, so that radiation may diffuse through the
system. The sixth scaling implies that absorption
dominates scattering. These last two scalings are
used in Appendix B. Reviewing the nondimension-
alized equations (8) we see that only the radiation
flux is affected by the scalings. The redimensional-
ized and scaled version of equations (8) is:
∂tρ+ ∂i (ρ ui) = 0 , (11a)
∂t (ρ ui) + ∂j (ρ ui uj + pij + Pij) =
−  1
c2
∂tFi , (11b)
∂t (E + E)+∂i [uj (Eij + pij)] = −1

∂iFi , (11c)
where we have moved all terms without an  to the
left-hand side. No approximations have gone into
these equations nor any of their variables yet.
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3.3. Asymptotic expansion and results
The Euler equations are first-order accurate us-
ing scalings that agree with those above [31]. The
material and radiation variables in equations (11)
are now expanded in powers of ; as an example,
the expansion for the material mass density is:
ρ =
∞∑
n=0
ρ(n) n . (12)
Collecting equations at equal orders in  forms an
infinite hierarchical set. The zeroth- and first-order
contributions from equations (11) are:
[∂tρ+ ∂i (ρ ui)]
(0)
= 0 , (13a)
[∂t (ρ ui) + ∂j (ρ ui uj + pij + Pij)](0) = 0 , (13b)
{∂t (E + E) + ∂i [uj (Eij + pij)]}(0)
= −∂iF (1)i , (13c)
[∂tρ+ ∂i (ρ ui)]
(1)
= 0 , (13d)
[∂t (ρ ui) + ∂j (ρ ui uj + pij + Pij)](1)
= − 1
c2
∂tF (0)i , (13e)
{∂t (E + E) + ∂i [uj (Eij + pij)]}(1)
= −∂iF (2)i . (13f)
The radiation variables E(0), F (0)i , P(0)ij , E(1), F (1)i ,
P(1)ij , and F (2)i are determined by analyzing the
RT equation. This is done in Appendix B and we
present the results here:
E(0) = [aR T 4](0) , (14a)
F (0)i = 0 , (14b)
P(0)ij =
[
1
3
aR T
4 δij
](0)
, (14c)
E(1) = [aR T 4](1) , (14d)
F (1)i =
[
− aR c
3σt,R
∂iT
4 +
4
3
ui aR T
4
](0)
, (14e)
P(1)ij =
[
1
3
aR T
4 δij
](1)
, (14f)
F (2)i =
[
− aR c
3σt,R
∂iT
4 +
4
3
ui aR T
4
](1)
. (14g)
Summing these variables through first order pro-
duces the EDA as given in equations (5):
E = aR T 4 , (15a)
Fi = − aR c
3σt,R
∂iT
4 +
4
3
ui aR T
4 , (15b)
Pij = 1
3
aR T
4 δij , (15c)
which are in agreement with the results presented
in [10]. The derivation in Appendix B shows that
the radiation energy density and radiation pressure
contain transport corrections to the EDA at second
order, and so the EDA is at most first-order ac-
curate in the EDL. Summing the scaled equations
(13) through first order, and using the results just
presented (14), produces the EDA’s simplified RH
equations (6):
∂tρ+ ∂i (ρ ui) = 0 , (16a)
∂t (ρ ui)
+ ∂j
(
ρ ui uj + pij +
1
3
aR T
4 δij
)
= 0 , (16b)
∂t
(
E + aR T
4
)
+ ∂i
[
uj
(
Eij + pij +
4
3
aR T
4 δij
)]
= ∂i
(
aR c
3σt,R
∂iT
4
)
. (16c)
Therefore, the EDA and its simplified RH equations
are first-order accurate with transport corrections
occurring at second order. This is the main result of
this paper. Both simplified models and numerical
discretizations of the RH equations should preserve
this asymptotic behavior. Models that have differ-
ent asymptotic behavior may not attain the correct
solution in or near the EDL, while improper dis-
cretizations may require an unreasonable computa-
tional cost. These results only apply to the interior
solution of an RH problem far from any boundaries,
and sufficiently late in time, so that the initial and
boundary conditions may be neglected.
4. Analysis of two grey RH approximations
We have established the first-order accuracy of
the EDA and its simplified RH equations. As a re-
minder, the assumptions comprising the EDA are
listed at the beginning of Subsection 2.2. In this
section, we analyze two RH approximations that
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are commonly used to solve a wide span of RH
problems and we show that they both preserve
the EDA’s first-order accuracy. The two approx-
imations are the frequency-independent (“grey”)
nonequilibrium-diffusion approximation and the
grey Eddington approximation. These approxima-
tions are applied to the radiation energy and mo-
mentum sources which are presented in Subsection
4.1. The grey nonequilibrium-diffusion approxima-
tion is analyzed in Subsection 4.2. Compared to
the EDA it relaxes the requirement that the radi-
ation be in thermal equilibrium with the material,
hence the moniker “nonequilibrium”. As a practical
example, in Subsection 4.3, we present a radiative-
shock solution from this approximation and show
that the EDA solution is obtained when  is small.
In contrast to the nonequilibrium-diffusion approxi-
mation, the grey Eddington approximation only re-
tains the EDA assumption that the radiation pres-
sure is isotropic. As such, it can be used to de-
scribe environments where diffusion does not apply,
or that may be out of equilibrium, or which may be
highly rarefied. This approximation is analyzed in
Subsection 4.4.
4.1. The grey radiation sources
The two approximations analyzed in this section
are typically made in the CMF by modifying the
radiation energy and momentum sources. These
sources are equations (6.47) and (6.48) in [3]:
∂tEo + 1
c
∂t (βi Fo,i) + ai
c2
Fo,i
+ ∂iFo,i + ∂i (ui Eo) + Po,ij ∂jui
= σa c
(
aR T
4 − Eo
)
, (17a)
1
c2
∂tFo,i + ai
c2
Eo + 1
c
∂t (βj Po,ij)
+ ∂jPo,ij + 1
c
Fo,j ∂jβi + 1
c
∂j (βj Fo,i)
= −σt
c
Fo,i , (17b)
where we have dropped the O(β2) terms coming
from the Lagrangian derivatives. In order to com-
pare the CMF approximation to our results we
Lorentz transform the approximation to the LF
and analyze it there. A discussion of how to per-
form Lorentz transformations is outside the scope
of this paper and can be found in [2]. Although
the Lorentz transformation changes the coordinate
frame being considered it does not alter the physi-
cal content of the approximation. It should also be
clear that it does not matter if the CMF radiation
sources are scaled first or transformed first, so long
as the scalings are also applied to the transforma-
tion. Finally, in order to facilitate comparison of
the radiation sources from the transformed approx-
imation with the LF sources we record here the LF
radiation energy and momentum sources:
∂tE + ∂iFi = σa c
(
aR T
4 − E)
+ βi (σa − σs)Fi , (18a)
1
c2
∂tFi + ∂jPij = −σt
c
Fi
+ βj
(
σt Pij + σs E δij + σa aR T 4 δij
)
, (18b)
which are equations (2.29) and (2.30) in [32]. The
simplest way to produce the scaled radiation-source
equations is to make the following replacements,
∂t → 2 ∂t , ∂i →  ∂i , βi →  βi , σs →  σs ,
and then to divide the radiation-energy source by
2 and the radiation-momentum source by . The
reason for dividing the radiation sources by  and 2
is to keep these sources at the corresponding order
of their associated hydrodynamic sources.
4.2. The nonequilibrium-diffusion approximation
The nonequilibrium-diffusion approximation
modifies the radiation-source equations by impos-
ing the Eddington approximation, Po,ij = 13 Eo δij
or Po,ii = E , dropping the time-derivative of the
radiation flux and all acceleration terms, and drop-
ping all other terms in the radiation-momentum
source until Fick’s First Law of Diffusion is ob-
tained. Applied to the CMF radiation sources
(17) it produces the following simplified source
equations:
∂tEo + ∂iFo,i + ∂i (ui Eo) + 1
3
Eo ∂iui
= σa c
(
aR T
4 − Eo
)
, (19a)
1
3
∂iEo = −σt
c
Fo,i . (19b)
Solving the radiation-momentum source for the ra-
diation flux and plugging this into the radiation-
energy source produces:
Fo,i = − c
3σt
∂iEo , (20a)
∂tEo − ∂i
(
c
3σt
∂iEo
)
+ ∂i (ui Eo) + 1
3
Eo ∂iui
7
= σa c
(
aR T
4 − Eo
)
, (20b)
which are equations (97.69) and (97.70) in [2].
Lorentz transformation of the sources (19) along
with the CMF Eddington approximation produces:
∂tE + ∂iFi − 2
c
∂t (βi Fi)
= σa c
(
aR T
4 − E)+ βi (σa − σs)Fi , (21a)
1
3
∂iE + βi
c
∂tE + βi
c
∂jFj =
− σt
c
Fi + βi
(
1
3
σt E + σs E + σa aR T 4
)
, (21b)
Pij = 1
3
E δij
+
1
c
(
βj Fi + βi Fj − 2
3
βk Fk δij
)
. (21c)
The O(β) term on the radiation pressure (21c) is
symmetric and traceless, so the Eddington approx-
imation is retained after the Lorentz transforma-
tion, Pii = E , since the trace of a traceless ob-
ject is zero. We quickly compare the transformed
sources, (21a) and (21b), with the LF sources (18).
If the nonequilibrium-diffusion approximation were
applied to the LF radiation sources (18) then the
result would differ from equations (21a) and (21b)
by terms ofO(β2) and βi Fi, and the radiation pres-
sure would neglect the symmetric traceless portion
contained in equation (21c). However, we will find
that these differences between the CMF and LF
sources, as well as the radiation pressures, are neg-
ligible in the EDL. Scaling the radiation sources,
(21a) and (21b), gives:
∂tE + 1

∂iFi −  2
c
∂t (βi Fi)
=
1
2
(σt −  σs) c
(
aR T
4 − E)
+
1

βi (σt − 2  σs)Fi , (22a)
1
3
∂iE + 2 βi
c
∂tE +  βi
c
∂jFj
= −1

σt
c
Fi + βi
(1
3
σt E +  σs E
+ (σt −  σs) aR T 4
)
. (22b)
The radiation-energy source (22a) provides the so-
lution for the scaled radiation energy density,
E = aR T 4
− 
[
σs
σt
(
aR T
4 − E)− βi
c
Fi + 1
σt c
∂iFi
]
, (23a)
where terms of O(2) have been discarded. The
radiation-momentum source (22b) provides the so-
lution for the scaled radiation flux,
Fi = 
[
− c
3σt
∂iE + ui
(
1
3
E + aR T 4
)]
+ 2
[
− 1
σt
βi ∂jFj + ui σs
σt
(E − aR T 4)] , (23b)
where terms of O(3) have been discarded. Scaling
the radiation pressure (21c) gives:
Pij = 1
3
E δij
+
1
c

(
βj Fi + βi Fj − 2
3
βk Fk δij
)
. (23c)
From these expressions (23) the zeroth- and first-
order solutions are obtained along with the second-
order radiation flux:
E(0) = [aR T 4](0) , (24a)
F (0)i = 0 , (24b)
P(0)ij =
[
1
3
aR T
4 δij
](0)
, (24c)
E(1) = [aR T 4](1) , (24d)
F (1)i = 
[
−aR c
3σt
∂iT
4 +
4
3
ui aR T
4
](0)
, (24e)
P(1)ij =
[
1
3
aR T
4 δij
](1)
, (24f)
F (2)i = 
[
−aR c
3σt
∂iT
4 +
4
3
ui aR T
4
](1)
. (24g)
The zeroth- and first-order contributions from the
scaled radiation sources (22) are:
S(0)re = ∂tE(0) + ∂iF (1)i , (25a)
S(0)rp =
1
3
∂iE(0) , (25b)
S(1)re = ∂tE(1) + ∂iF (2)i − ∂t
[
2
c
βiFi
](0)
, (25c)
S(1)rp =
1
3
∂iE(1) +
[
βi
c
∂jFj
](0)
. (25d)
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Summing the zeroth- and first-order results for the
radiation variables (24) reproduces the EDA (5):
E = aR T 4 , (26a)
Fi = −aR c
3σt
∂iT
4 +
4
3
ui aR T
4 , (26b)
Pij = 1
3
aR T
4 δij . (26c)
As a reminder, the radiation sources are coupled to
the Euler equations; see equations (1). Summing
the zeroth- and first-order contributions from the
radiation sources (25), coupled to the Euler equa-
tions (1), and using the results in equations (24),
reproduces the EDA’s simplified RH equations (6):
∂tρ+ ∂i (ρui) = 0 , (27a)
∂t (ρ ui)
+ ∂j
(
ρ ui uj + pij +
1
3
aR T
4 δij
)
= 0 , (27b)
∂t
(
E + aR T
4
)
+ ∂i
[
uj
(
Eij + pij +
4
3
aR T
4 δij
)]
= ∂i
(
aR c
3σt
∂iT
4
)
. (27c)
Thus, the nonequilibrium-diffusion approximation
preserves the EDA’s first-order accuracy, and this
result holds if the approximation is made in the
CMF or the LF.
4.3. Confirmation of the asymptotic analysis by
radiative-shock solutions
In this subsection we show that a particular so-
lution of the nonequilibrium-diffusion approxima-
tion transitions to the equilibrium-diffusion solu-
tion when  is small. Specifically, we briefly an-
alyze the nonequilibrium-diffusion radiative-shock
solution method developed by Lowrie and Edwards
[28] and we show that when  = 0.001 that method
produces the equilibrium-diffusion solution devel-
oped by Lowrie and Rauenzahn [29].
The 1D nondimensional equations solved by
Lowrie and Edwards, scaled in the EDL, are:
∂x (ρ u) = 0 , (28a)
∂x
(
ρ u2 + p+
1
3
P0 E
)
= 0 , (28b)
∂x
[
u
(
1
2
ρ u2 + ρ e+ p
)]
= −P0

∂xF , (28c)
-0.01 0 0.005
1
3.5
4.5
T , ² = 1
θ, ² = 1
T , ² = 0.001
T , EDA
Figure 1: Comparison of the M0 = 3 nonequilibrium-
diffusion radiative-shock solutions for  = 1 and  = 0.001.
These solutions were both produced using the solution
method described by Lowrie and Edwards [28], but with the
inclusion of a factor of , as described in Subsection 4.3.
The solutions associated with  = 1 are the nonequilibrium-
diffusion radiative-shock solutions, while the solution asso-
ciated with  = 0.001 is the equilibrium-diffusion solution.
The equilibrium-diffusion solution produced by the method
described by Lowrie and Rauenzahn is the dash-dotted line
labeled as the EDA solution. The EDA solution and the
solution using  = 0.001 cannot be distinguished.
M0
γ (γ − 1) ∂xT + p ∂xu =
P0 σt
[
1

(
T 4 − E)+ 2β F] . (28d)
The fourth equation (28d) is the radiation inter-
nal energy source, Srie = Sre − β Srp. For a
monatomic ideal-gas the adiabatic index is γ = 5/3,
and M0 represents the initial Mach number of the
unshocked gas, which we set to be M0 = 3 in this
example. The nondimensional radiation flux for a
purely absorbing system is
F = − 1
3σt
∂xE + 1
3
β σt
(E + T 4) . (29)
When  = 1 we obtain the nonequilibrium-diffusion
solution and when  = 0.001 we obtain the
equilibrium-diffusion solution from the same solu-
tion method; see Figure 1. For comparison within
the figure, we also include the equilibrium-diffusion
solution produced by the method described by
Lowrie and Rauenzahn, which is the dash-dotted
line labeled as the EDA solution. This EDA solu-
tion and the nonequilibrium-diffusion solution us-
ing  = 0.001 cannot be distinguished. Thus, these
shock problems can serve as a test problem to en-
sure that codes are asymptotic preserving. How-
ever, other test problems are also needed that are
9
relevant to different portions of the RH problem
space.
4.4. The Eddington approximation
In this subsection we analyze the grey Edding-
ton approximation applied to the CMF radiation
sources (17). The application of this approxima-
tion produces the following CMF radiation sources:
∂tEo + 1
c
∂t (βi Fo,i) + ai
c2
Fo,i
+ ∂iFo,i + ∂i (ui Eo) + 1
3
Eo ∂iui
= σa c
(
aR T
4 − Eo
)
, (30a)
1
c2
∂tFo,i + ai
c2
Eo + 1
3 c
∂t (βi Eo)
+
1
3
∂iEo + 1
c
Fo,j ∂jβi + 1
c
∂j (βj Fo,i)
= −σt
c
Fo,i . (30b)
Lorentz transformation of these sources along with
the Eddington approximation to the LF produces:
∂tE + ∂iFi = σa c
(
aR T
4 − E)
+ βi (σa − σs)Fi , (31a)
1
c2
∂tFi + ∂jPij = −σt
c
Fi
+ βj
(
σt Pij + σs E δij + σa aR T 4 δij
)
, (31b)
Pij = 1
3
E δij
+
1
c
(
βj Fi + βi Fj − 2
3
βk Fk δij
)
. (31c)
Again, the trace of the radiation pressure returns
the Eddington approximation, Pii = E , since the
O(β) term is traceless, as well as symmetric. These
source equations are identical to the LF radiation
sources (18). Therefore, the analysis below applies
equally well when the Eddington approximation is
applied to the LF sources. Scaling these radiation
sources, (31a) and (31b), gives:
∂tE + 1

∂iFi = 1
2
(σt −  σs) c
(
aR T
4 − E)
+
1

βi (σt − 2  σs)Fi , (32a)

1
c2
∂tFi + ∂jPij
= −1

σt
c
Fi + βj
[
σt Pij +  σs E δij
+ (σt −  σs) aR T 4 δij
]
. (32b)
The radiation-energy source (32a) provides the so-
lution for the scaled radiation energy density,
E = aR T 4
− 
[
σs
σt
(
aR T
4 − E)− βi
c
Fi + 1
σt c
∂iFi
]
, (33a)
where terms of O(2) have been discarded. The
radiation-momentum source (32b) provides the so-
lution for the scaled radiation flux,
Fi = 
[
− c
σt
∂jPij + uj
(Pij + aR T 4 δij)]
+ 2
[
− 1
c σt
∂tFi + ui σs
σt
(E − aR T 4)] . (33b)
Scaling the radiation pressure (31c) gives:
Pij = 1
3
E δij
+ 
1
c
(
βj Fi + βi Fj − 2
3
βk Fk δij
)
. (33c)
From these expressions (33) the zeroth- and first-
order solutions are obtained along with the second-
order radiation flux:
E(0) = [aR T 4](0) , (34a)
F (0)i = 0 , (34b)
P(0)ij =
[
1
3
aR T
4 δij
](0)
, (34c)
E(1) = [aR T 4](1) , (34d)
F (1)i = 
[
−aR c
3σt
∂iT
4 +
4
3
ui aR T
4
](0)
, (34e)
P(1)ij =
[
1
3
aR T
4 δij
](1)
, (34f)
F (2)i = 
[
−aR c
3σt
∂iT
4 +
4
3
ui aR T
4
](1)
. (34g)
The zeroth- and first-order contributions from the
scaled radiation sources (32) are:
S(0)re = ∂tE(0) + ∂iF (1)i , (35a)
S(0)rp = ∂jP(0)ij , (35b)
S(1)re = ∂tE(1) + ∂iF (2)i , (35c)
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S(1)rp =
1
c2
∂tF (0)i + ∂jP(1)ij . (35d)
Summing the zeroth- and first-order results for the
radiation variables (34) reproduces the EDA (5):
E = aR T 4 , (36a)
Fi = −aR c
3σt
∂iT
4 +
4
3
ui aR T
4 , (36b)
Pij = 1
3
aR T
4 δij . (36c)
Summing the zeroth- and first-order contributions
from the radiation sources (35), coupled to the Eu-
ler equations (1), and using the results (34), repro-
duces the EDA’s simplified RH equations (6):
∂tρ+ ∂i (ρ ui) = 0 , (37a)
∂t (ρ ui)
+ ∂j
(
ρ ui uj + pij +
1
3
aR T
4 δij
)
= 0 , (37b)
∂t
(
E + aR T
4
)
+ ∂i
[
uj
(
Eij + pij +
4
3
aR T
4 δij
)]
= ∂i
(
aR c
3σt,R
∂iT
4
)
. (37c)
Thus, the Eddington approximation preserves the
EDA’s first-order accuracy. Further, it does not
matter whether the Eddington approximation is ap-
plied to the CMF or to the LF radiation sources,
the EDA’s first-order accuracy is preserved in both
situations.
5. Summary
In this work we have derived the EDA from
the RH equations via an asymptotic analysis.
Our derivation showed that the EDA and its
simplified RH equations are first-order accurate
and that transport corrections begin at second
order. Since the EDA is a physical limit of the full
set of RH equations it is expected that simplified
models of the RH equations should preserve the
EDA’s first-order accuracy. We analyzed the grey
nonequilibrium-diffusion approximation and the
grey Eddington approximation and we showed
that they both preserved the EDA’s first-order
accuracy. These approximations can be made in
the CMF or the LF, and we have shown that the
EDA’s first-order accuracy is preserved in both
cases. We also presented a test problem in which
an equilibrium-diffusion solution was captured
from a nonequilibrium-diffusion solver when 
was small. Other test problems that apply to
different RH regimes are needed. Our results are in
agreement with previous asymptotic analyses for
neutron transport [11, 12] and radiative transfer
[14]. Other analyses [17, 18, 13, 15] for neutron
transport and radiative transfer have discussed
the effects of initial and boundary conditions, as
well as boundary layers, on the asymptotic results.
However, in this paper we have restricted our
analysis to the interior solution sufficiently late in
time and far away from any boundaries so that
their effects on the analysis may be neglected.
An analysis including the initial and boundary
conditions, and potentially boundary layers, should
be the subject of future work. Other work should
analyze other simplified models and numerical dis-
cretizations, and present test problems confirming
the analysis, when possible. It is expected that
numerical discretizations which fail to preserve
the EDA’s first-order accuracy will either fail to
produce accurate equilibrium-diffusion solutions or
will produce them at a prohibitive computational
cost. A different problem for future work is
to investigate multigroup treatments of the RT
equation to determine whether they preserve the
EDA’s first-order accuracy.
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Appendix A. The O(β2) LF RT equation
This appendix is similar to Section 93 in [2],
where the mixed-frame RT equation with certain
CMF functions is presented. The purpose there
and here is to Taylor expand some of the CMF
functions so that they depend on the LF frequency
instead of the CMF frequency. However, we retain
O(β2) terms and scattering terms, both of which
are neglected there. We expand the frequency ra-
tios, the cross sections, and the Planck function
through O(β2). While the Planck function and the
material cross sections are represented in the CMF,
we drop the subscript-o for notational convenience.
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We also expand the radiation intensity in the in-
tegrand of equation (A.1) since it is a function of
ν ′, which is a function of ν by equation (A.3). Ig-
noring this expansion produces the wrong results.
We refer to the resulting RT equation as the LF
RT equation. The relativistically exact angle- and
frequency-dependent mixed-frame RT equation is:
1
c
∂tIν + Ωi ∂iIν = −νo
ν
σt,νoIν
+
(
ν
νo
)2
σs
4pi
∫
4pi
νo
ν ′
Iν ′(Ω
′) dΩ ′
+
(
ν
νo
)2
σa,νo Bνo . (A.1)
The ratio of νo to ν is a function of β and Ωi:
νo
ν
= γu (1− βi Ωi) , (A.2)
where the Einstein summation convention is used.
The ratio of LF frequencies is:
ν ′
ν
=
1− βi Ωi
1− βi Ω ′i
. (A.3)
The Lorentz factor, γu, expanded through O(β2) is:
γu = 1 +
1
2
β2 , (A.4)
so the O(β2) expansion of the frequency ratios in
equation (A.1) are:
νo
ν
= 1− βi Ωi + 1
2
β2 , (A.5a)
νo
ν ′
= 1− βi Ω ′i +
1
2
β2 , (A.5b)(
ν
νo
)2
= 1 + 2βi Ωi + 3 (βi Ωi)
2 − β2 . (A.5c)
It is convenient to record here the O(β2) expansions
of some identities that will be useful when Taylor
expanding our functions of interest:
νo − ν = ν
(
−βiΩi + 1
2
β2
)
, (A.6a)
(νo − ν)2 = ν2 (βiΩi)2 , (A.6b)
ν = νo
[
1 + βiΩi + (βiΩi)
2 − 1
2
β2
]
, (A.6c)
∂νoν = 1 + βiΩi + (βiΩi)
2 − 1
2
β2 =
ν
νo
, (A.6d)
ν (νo − ν)
νo
= ν
[
−βiΩi − (βiΩi)2 + 1
2
β2
]
, (A.6e)
(νo − ν)2 f(νo) = (νo − ν)2 f(ν) . (A.6f)
The Taylor-expansion of a general function of the
CMF frequency, with respect to the LF frequency,
through O((νo − ν)2) ∼ O(β2), is:
f(νo) = f + (νo − ν) ∂νof +
1
2
(νo − ν)2 ∂2νof
= f − βiΩiν∂νf + 1
2
βiβj ((δij − 2ΩiΩj) ν∂νf
+ ΩiΩjν
2∂2νf
)
. (A.7)
The O(β2) Taylor expansions of the total cross-
section and the Planck function, and the product of
the absorption cross-section with the Planck func-
tion, are:
σt,νo = σt,ν − βiΩiν∂νσt,ν
+
1
2
βiβj ((δij − 2ΩiΩj) ν∂νσt,ν
+ ΩiΩjν
2∂2νσt,ν
)
, (A.8a)
Bνo = Bν − βiΩiν∂νBν
+
1
2
βiβj ((δij − 2ΩiΩj) ν∂νBν
+ ΩiΩjν
2∂2νBν
)
, (A.8b)
σa,νoBνo = σa,νBν − βiΩiν∂ν (σa,νBν)
+
1
2
βiβj ((δij − 2ΩiΩj) ν∂ν (σa,νBν)
+ ΩiΩjν
2∂2ν (σa,νBν)
)
. (A.8c)
The Taylor expansion of the LF radiation intensity,
in the integrand of equation (A.1), proceeds along
the same lines. However, the CMF frequency in the
previous expressions is now a LF frequency, ν ′, and
the necessary relations take a slightly different form
through O(β2):
ν = ν ′ (1 + βi (Ω ′i − Ωi)) , (A.9a)
(ν ′ − ν) = νβi (Ω ′i − Ωi) , (A.9b)
(ν ′ − ν)2 = ν2βiβj (Ω ′i − Ωi)
(
Ω ′j − Ωj
)
, (A.9c)
∂ν ′ν = 1 + βi (Ω
′
i − Ωi) =
ν
ν ′
, (A.9d)
(ν ′ − ν) ν
ν ′
= νβi (Ω
′
i − Ωi) . (A.9e)
In arriving at the relations above, we have used the
fact that βiβjΩi(Ωj−Ω ′j) is zero at O(β2) since the
angular variables are then the same. The O(β2)
Taylor expansion is:
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f(ν ′) = f + (ν ′ − ν)
( ν
ν ′
)
∂νf
+
1
2
(ν ′ − ν)2
(
1
ν
∂νf + ∂
2
νf
)
= f + βi (Ω
′
i − Ωi) ν∂νf ,
such that the Taylor expanded radiation intensity,
through O(β2), is
Iν(Ω
′) = Iν + βi (Ω ′i − Ωi) ν∂νIν . (A.10)
We now combine the results in equations (A.8) and
(A.10) to use in the three terms on the RHS of
equation (A.1). The first term is straight-forward:
−νo
ν
σt,νo Iν = −σt,ν Iν+βi Ωi (σt,ν Iν + Iν ν ∂νσt,ν)
− 1
2
βi βj (σt,ν Iν δij + Iν ν ∂νσt,ν δij
+ Ωi Ωj Iν ν
2 ∂2νσt,ν
)
. (A.11)
The second term is best analyzed by breaking it
into parts. The integrand is
νo
ν ′
Iν ′(Ω
′) = I ′ν
+ βi (−Ω ′i I ′ν + (Ω ′i − Ωi) ν ∂νI ′ν)
+
1
2
β2 I ′ν , (A.12)
where we have written I ′ν = Iν(Ω
′) for notational
convenience. The result of the angular integral is∫
4pi
νo
ν ′
Iν ′(Ω
′) dΩ ′ = φν
+ βi (−Fν,i + ν ∂νFν,i − Ωi ν ∂νφν)
+
1
2
β2φν . (A.13)
The ratio (ν/νo)
2
multiplying the integral is given
in equation (A.5c), and the second term of equation
(A.1) is now written as:(
ν
νo
)2
σs
4pi
∫
4pi
νo
ν ′
Iν ′(Ω
′) dΩ ′ =
σs
4pi
φν
+
σs
4pi
βi (2 Ωi φν − Ωi ν ∂νφν − Fν,i + ν ∂νFν,i)
+
σs
4pi
βi βj
[(
3 Ωi Ωj − 1
2
δij
)
φν − 2 Ωi Ωj ν ∂νφν
]
− 2σs
4pi
βi βj Ωi (Fν,j − ν ∂νFν,j) . (A.14)
The third term is:
(
ν
νo
)2
σa,νo Bνo(T ) = σa,ν Bν
+ βi Ωi [2σa,ν Bν − ν ∂ν (σa,ν Bν)]
+βi βj
[
(3 Ωi Ωj − δij)σa,ν Bν+1
2
Ωi Ωj ν
2 ∂2ν (σa,ν Bν)
+
(
1
2
δij − 3 Ωi Ωj
)
ν ∂ν (σa,ν Bν)
]
. (A.15)
Collecting equations (A.11), (A.14) and (A.15), the
O(β2) LF RT equation is:
1
c
∂tIν + Ωi∂iIν =
σs
4pi
φν + σa,νBν − σt,νIν
+ βiΩi
[
σt,νIν + Iνν∂νσt,ν + 2
σs
4pi
φν + 2σa,νBν
− σs
4pi
ν∂νφν − ν∂ν (σa,νBν)
]
− σs
4pi
βi (Fν,i − ν∂νFν,i)
−1
2
βiβj
(
σt,νδijIν + δijIνν∂νσt,ν + ΩiΩjIνν
2∂2νσt,ν
)
+
σs
4pi
βiβj
[(
3ΩiΩj − 1
2
δij
)
φν − 2ΩiΩjν∂νφν
− 2ΩiFν,j + 2Ωiν∂νFν,j
]
+βiβj
[
(3ΩiΩj − δij)σa,νBν+ 1
2
ΩiΩjν
2∂2ν (σa,νBν)
+
(
1
2
δij − 3ΩiΩj
)
ν∂ν (σa,νBν)
]
. (A.16)
This result may be compared with equation 93.4 of
[2], although there the O(β2) terms are neglected
as are the scattering cross sections. We believe this
is the first time this equation has been presented in
the literature.
Appendix B. The O(2) analysis
In this appendix we scale and analyze the O(β2)
LF RT equation (A.16). First, we write σa,ν =
σt,ν − σs, and we reiterate that σs is frequency-
independent. The scaled LF RT equation is:
2
1
c
∂tIν + Ωi ∂iIν = σt,ν (Bν − Iν)
+ 
{
σs
4pi
(φν − 4pi Bν) + βi Ωi
[
σt,ν Iν + Iν ν ∂νσt,ν
+2σt,ν Bν−ν ∂ν (σt,ν Bν)
]}
+ 2
{
σs
4pi
βi
[
−Fν,i+ν ∂νFν,i
13
+ Ωi (2φν − 8pi Bν − ν ∂νφν + 4pi ν ∂νBν)
]
+βi βj
[
(3 Ωi Ωj − δij)σt,ν Bν+1
2
Ωi Ωj ν
2 ∂2ν (σt,ν Bν)
+
(
1
2
δij − 3 Ωi Ωj
)
ν ∂ν (σt,ν Bν)− 1
2
(
σt,ν Iν δij
+ δij Iν ν ∂νσt,ν + Ωi Ωj Iν ν
2 ∂2νσt,ν
)]}
. (B.1a)
This can be rearranged to produce the O(2) solu-
tion for the radiation intensity:
Iν = Bν + 
{
− 1
σt,ν
Ωi ∂iIν + βi Ωi
(
Iν + 2Bν
+
ν
σt,ν
[
Iν ∂νσt,ν − ∂ν (σt,ν Bν)
])
+
σs
σt,ν
(
φν
4pi
−Bν
)}
+ 2
{
− 1
c σt,ν
∂tIν − σs
σt,ν
βi
[
1
4pi
(Fν,i − ν ∂νFν,i)
− Ωi
(
2φν
4pi
− ν
4pi
∂νφν − 2Bν + ν ∂νBν
)]
+βi βj
[
(3 Ωi Ωj − δij)Bν − Iν
2
(
1 +
ν
σt,ν
∂νσt,ν
)
δij
+
1
2σt,ν
(δij − 6 Ωi Ωj) ν ∂ν (σt,ν Bν)
+
Ωi Ωj ν
2
2σt,ν
[
∂2ν (σt,ν Bν)− Iν ∂2νσt,ν
]]}
. (B.1b)
The zeroth-, first- and second-order solutions of
the radiation intensity can now be determined.
Their frequency-integrated angular moments pro-
duce the associated radiation variables. The zeroth-
order solutions are:
I(0)ν = B
(0)
ν , (B.2a)
I(0) =
∫ ∞
0
I(0)ν dν =
[aR c
4pi
T 4
](0)
, (B.2b)
E(0) = 1
c
∫
4pi
I(0)dΩ =
[
aR T
4
](0)
, (B.2c)
F (0)i =
∫
4pi
Ωi I
(0)dΩ = 0 , (B.2d)
P(0)ij =
1
c
∫
4pi
Ωi Ωj I
(0)dΩ =
[
1
3
E δij
](0)
. (B.2e)
The first-order solutions using these results are:
I(1)ν = B
(1)
ν + Ωi
[
− 1
σt
∂iBν
+ βi (3Bν − ν ∂νBν)
](0)
, (B.3a)
I(1) =
∫ ∞
0
I(1)ν dν =
[aR c
4pi
T 4
](1)
+
Ωi
4pi
[
−aR c
σt,R
∂iT
4 + 4ui aR T
4
](0)
, (B.3b)
E(1) = 1
c
∫
4pi
I(1)dΩ =
[
aR T
4
](1)
, (B.3c)
F (1)i =
∫
4pi
Ωi I
(1)dΩ
=
[
− aR c
3σt,R
∂iT
4 +
4
3
aR uiT
4
](0)
, (B.3d)
P(1)ij =
1
c
∫
4pi
Ωi Ωj I
(1)dΩ =
[
1
3
E δij
](1)
. (B.3e)
The Rosseland-averaged cross section [2], σt,R, has
been used in passing from equation (B.3a) to
(B.3b). The second-order radiation-intensity solu-
tion, using the results in (B.2) and (B.3), is:
I(2)ν = B
(2)
ν + Ωi
{
− 1
σt
∂iBν + βi (3Bν − ν ∂νBν)
}(1)
+
{
− 1
c σt
∂tBν − 1
2
β2 (3Bν − ν ∂νBν)
+ ΩiΩj
[
βj
(
− 1
σt
(
1 +
1
σt
ν ∂νσt
)
∂iBν
+ βi
(
6Bν − 4 ν ∂νBν + 1
2
ν2 ∂2νBν
))]}(0)
.
(B.4a)
This solution cannot be frequency integrated since
the functional form of the total cross section is un-
known. Previously, integration by parts was used to
move the frequency-derivatives, but that does not
work now. However, the frequency-dependent ra-
diation flux can be constructed by taking the first
angular moment of (B.4a):
Fν,i =
∫
4pi
Ωi I
(2)
ν dΩ =
4pi
3
[
− 1
σt
∂iBν
+ βi (3Bν − ν ∂νBν)
](1)
. (B.5a)
This expression can be frequency-integrated to pro-
duce the second-order radiation flux:
F (2)i =
∫ ∞
0
F
(2)
ν,i dν
14
=[
− aR c
3σt,R
∂iT
4 +
4
3
ui aR T
4
](1)
. (B.5b)
This completes the calculations that are used in
Section 3. Explicit expressions for E(2) and P(2)ij
cannot be produced because the functional form of
the cross sections is not known. The zeroth and
second angular moments of B
(2)
ν produce the EDA-
like results for E(2) and P(2)ij . However, these angu-
lar moments of the zeroth-order contribution to I
(2)
ν
produce additional terms beyond the EDA expres-
sions, which we have called transport corrections.
Castor [3] provides some discussion of what these
terms might mean physically.
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